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An analytic formula is obtained for Green's function of the Helmholtz equat-
ion in a rectangle. Along the rectangle sides boundary conditions containing
higher order derivatives, and at its vertices boundary contact conditions are
specified. Such boundary contact problem occurs in investigations of the acou-
stic field in a rectangular space bounded by thin elastic walls, The present
paper is a continuation of papers [1, 2] where similar problems for the quarter-
plane and half-band were considered.

l, Statement of the problem and examples, Weseek
a solution of the two-dimensional Helmholtz equation

(A+ K)P (z,y) = —6 (x — z, y ~— ¥o) (1. 1)
in the rectangle 0 <<z <Ca, 0 <C y << b with boundary conditions

R 9 2 - (1.2)
Li(%’ 'a?')p(xao)zoy Lg(—a-;:-,-—-a—?;—)P(x,b)*O
0<z<a
Ls(ja‘;,—a-;)P(O,y):Q, LA;(-@',——F;)P({L,@;);—;(} (1.3)
0<Ty<Ch

where P is the acoustic pressure in the medium, A isthe Laplace operator, and
k  is the wave number which we assume to be complex (0 << argk < n/4),
thms allowing for absorption in the medium, The solution obtained below is, however,
also valid in the case of perfect medium (arg & = 0) but under condition that k?
is not an eigenvalue of the problem, The dependence on time is taken in the form

of factor e-i®!, The boundary operators Ly (@ = 1, 2, 3, 4) are linear differen-
tial operators of order NN, with constant coefficients, We define their form by the
formula

Lo (B, M) = Mmgy (—8) + mgy (—8Y) (1. 4)

where mg; and mg, are polynomials on which certain restrictions will be subsequen-
tly imposed.

The sought solution must be continuous in the considered region up to its boundary,
except at the source point (zg, ¥,)-

In the case of the simplest Dirichlet boundary conditions (L, = 1) or those of
Neumann (L, = 'q) the stated problem has a unique solution which can be obtain-
ed elementarily by expansion in Fourier series or by the method of images. When tae
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328 D. P, Kouzov

order of boundary operators exceeds unity, the solution looses its uniqueness, and con-
tains N arbitrary constants, whose number can be calculated by formulas

N:N13+N14+N23+N24 (1.9
N Ny —1
Naa-;E(_/JL:%_L._)

(a=1,2; =23, 4

where E (r) is the integral part of the number z.

The arbitrariness in the solution is eliminated by the inclusion in the problem form-
ulation of NV boundary contact conditions that specify the modes at the region comer
points

RegsP (g, Yo) + Rpasl (2, 4o) =0 (@ =1, 2; p =3, 4 s=
Il, 2, e . Na‘ﬁ)

where
. ) )
R“JQ%KJSQQU““MHEMM(“‘aﬂ+

Tapss (““ igag)] Pz, y,)
RgosP (x5, 4,) = lim [(—- 1)+t -(%ram (_. i.;;) +

Uind 1)

Toass (—' 1‘73%')] P(x;y y)
23 =0, zy=4a, y =0, y, = b

and Togsj and rpe,; (f = 1, 2) are polynomials of their own arguments.
Example 1. The acoustic field of a point source in a rectangular region
bounded by thin plates flexurally oscillating. In this case for the boundary operators

we have
Ly G m) =08 — 2% + Vg Vg=pe¥D, (@=1,23,4)

where n», is the wave number of flexural waves in a plate, p is the density of the
medium, and D, is the plate cylindrical stiffness,

For the complete definition of a particular model it is necessary to know the mech-
anical conditions at plate joints and corner points of regions (weld, hinge, joint, crack,
etc.). At each vertex of the rectangle the mode is determined by four boundary cont-
act equalities, hence in conformity with (1, 5) we have here N = 16, We shall ass-
ume that the plates are rigidly soldered. In such case the set of boundary contact eq-
ualities for each of the comer points (a:ﬂ, Y) (@ =1, 2; B =3, 4) is of the form

0P (=, ¥, P (zqo, y)
PEYy) Y

lim ,
x—axﬁ ay Y-—Yg, az
o PR Y 0P G, )
im e im —pes—— =
vty dx 0y Vg oy Oz

oD, tim e Vo) (— 18D, i FF (=, 9)
_ e im — T
( 7Dy sz dz2 0y B erd oz
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The first two equalities indicate the absence of plate dislocation at their joints,
and the third implies the invariability of the angle between the plates, and the fourth
the absence of torque at the plate joints,

Examples of other possible boundary operators are given in [3]. Taking into account
longitudinal motions of plates would lead to operators I, of the seventh order,which
would necessitate the specification of six boundary contact conditions at each of the
rectangle vertices.

Example 2. The problem of sound transmittance through a partition separat-
ing two identical rectangular rooms. A thin elastic partition separates a rectangular
room bounded by thin elastic walls in two compartments, The acoustic field induced
by a point source acting in one of the compartments is to be determined,

We direct the Oy ~-axis along the partition, The problem reduces to the deriva-
tion of solution of the Helmholtz equation (1. 1) 0 <}z | < s, 0 < ¥ < b} with bound-
ary conditions (1, 2) satisfied for (0 <{ |z | <C a); with boundary condition

) oN .
L(z £55) PFan=0 ©<y<d)
merging conditions

1 ( %}[61’(-&—0,31)_{_6?(—0,?)]_!_

2 Mal— 9z dz

mas (= —5) [P (40, 9) = P (— 0, 9)] = 0

1 ( ayg)[aPH-O y) BP(—O,y)]+

2 Ma oz oz
mss (—55) [P (40, 9) -+ P (=0, )] = 0
O<y<b)

and boundary contact conditions satisfied at point (0, 0), (0, b), (% a, 0), and (+ a,
b).

Dividing the field into the even and odd part with respect to the variable 2

P(xay)xp-}-(xay)"}'})—(xvy)s P (x!y) 1/2 P('xv y)+P(""x’ y)}
we decompose the problem into two, each of which can be considered in the region
<< a8, 0y <h

If only the flexural oscillations of the partition are taken into account, the merg-
ing conditions assume the form

1.0 9P(+0,y)  0P(—0,y)
7z ( ozt T “‘4) [ oz + oz ] +
lP(+0,9)—P(—0,y9)]=0

OP(+0,y) _ 9P (—0,3)

oz oz

In this case the odd problem differs from that in Example 1 only by the doubling of
some coefficients, and in the even problem when z = 0 we have the Neumann con -
dition.
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Example 3. The problem of acoustics of a rectangular room divided by two
perpendicular partitions into four identical compartments, Dividing the field into even
and odd parts with respect to space variables reduces the problem to four independent
problems of the considered here type,

Problems whose statement contains boundary conditions of the "second order”(bound-
ary contact conditions) are usually called boundary contact problems [4]. The tradit-
ional procedure for finding an analytic solution of the boundary contact problem pres-
umes the preliminary derivation of the general solution, I, e, a solution that satisfies
all conditions of the problem, except the boundary contact ones, In two-dimensional
problems such solution contain a certain number N of additive arbitrary constants (in
the considered case N is determined by formulas (1.5)), Such general solution can
be presented as the sum of the particular solution P, of the non-homogeneous prob-
lem and of the general solution  of the homogeneous problem.

The points of boundary at which the boundary contact conditions are imposed are
called contact points, On the assumption that the point source does not act at contact
points function P, can be selected so as to have continuous derivatives with respect
of coordinates of all orders, which appear in the boundary contact conditions. Such
selection of P, is single-valued, The obtained below explicit formula for P, im-
plies in this case that this field has continuous derivatives of all ordess at contact points,

The term () represents the field radiating from the contact points. The field Q
itslef is continuous in the considered region up to the boundary but carries in it discon-
tinuities of derivatives of the complete field P at contact points.

To facilite the derivation of solution both components of the field are determined
separately, It is advantageous to keep in mind the results of [1, 2] where solutions of
similar problems were obtained.

2, The particular solution of the nonhomogene-
ous problem, Letus first consider the auxilliary problem of finding a solution
of the Helmholtz equation (1,1) in the band (| z | <C oo, 0 <C y << b) with boundary
conditions (1, 2) satisfied for all & € (— oo, oo). The solution is assumed to be
exponentially decreasing as | z | — oo. In other words we have to determine Green's
function for an infinite plane wave guide the motion of whose walls is defined by Egs.
(1.2). We denote the sought solution by P and expect it to be of the form

I3 ) i (2.1
Pyt )= 7= \ explibr—a0) — |y — B ll 5+

~—c

2 | Bihyexp e — yy) b +
217{ S Bz (M) exp [ihe — v (b — y)1dA, v=VA_—Fk

Selection of the radical is traditional [1]. The first right-hand side term represents
the fundamental solution of the Helmoltz equation (1, 1) for an infinite medium, and
the second and third terms specify the waves reflected by the wave guide walls. The
substitution of expression (2, 1) into boundary conditions (1. 2) yields a linear system
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for the determination of the unkown functions B, (A) and B, (A). After calculat-
ions we obtain

1 ¢ . . 2.2)
Pi ) = 45 § Db . 3.,)exp [ih(z — z0)] dh ‘

Dy(h, y_) Dy (A,
D(K, v, y+)= 1 %]}’(;)( Y4)

¥Dy (M) = L, exp (yb) — 1,°ly° exp (—yb)

vD1 (A, y) = 1, exp (yy) — L° exp (—yy)

YDy (A, y) = Lexply 0 —y)] — L2 exp [—y (b — )]
la = Iy (A) = —ymgy (A%) + my, (A2)

I =l (A) = ymgy (A®) + mgy (A2)

2y =yt vty —yo| (@=1,2)

Functions Dy, (A), Dy (A, y), and D, (A, y) are even integral functions of the
variable A. We assume that for 0 << arg k << /4 function Dy, (A) has no real
roots. ‘This limitation imposed on the properties of functions I, (A) and 1, (A) is
obvious from the physical point of view, since real roots of the dispersion equation
correspond to wave numbers of regular undamped waves which are not possible in a
wave guide filled by an absorbing medium, If argh = 0 , i.e. in the case of a
wave guide filled bya perfect medium, some of the roots of D3 (A) may appear
on the real axis. The integration path in (2, 2) must be shifted in such case from the
real axis so that the respective poles are bypassed in conformity with the principle of
limit absorption,

We transform the integral in (2. 2) into a sum using the theorem on residues

Pl(xi y)=‘%‘23*(?\'a Yos y+)9XPBM$‘“%“ (2‘3)

= D (kv y—)D (x’ y+)
DyM oy, y,) == dDyy (X)E}dl

where A are roots of function Dy, (A) which for 0 << argk << #/4) liein
the upper half-plane,

1t is possible to eliminate symbols ¥- and y; from formula (2. 3).
From the definition of A, as the root of D, (A) follow the following equalities:

Da(hg, ) Dy (A, v)
Ig° (;‘s) exp [y (A's) b] s — 1 (ks)
Dy (hy, y) Dy(hgy )

1 (A's) exp [_ Y (3‘3) b] = — 110 (?"s)
Using, as an example, the first of these, we obtain the relationships

Dy (hss Yoy ¥3) = Dy (As ¥y ¥o) = Dy (hsy 40, W)
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We shall use for P, the representation (2.3). To obtain the sought field P, it
is necessary to add to P, the waves reflected from the side walls = = 0 and g«
== g of the considered space

2,
Po(@ 4) = Po(s )+ T s B Dy o v, v exp (bt

£ 2 Ay (M) Dy (hs» Y_» U,) @D [ihg (@ — 2)]

The substitution of {2, 4) into boundary conditions (1. 3) yields a system of linear equat-
ions for the determination of the reflection coefficients A, (A,) and 4, (Ay).
After some transformations we obtain

Po(@, 4) = 5 Y 1D (b 00 4) A 2, 2,) (2.5)

Az, 2,) = Ay (R, s:&)4 z(si)u., z3)

iMg, (A) = ngn, exp (—ika) — ny’n,° exp (ika)

iAAg (A, 2) = nj exp (—ikz) — ny° exp (ikz)

iAA, (A, 2) = n, exp [—ik (@ — 2)) — ng° exp [id (@ — 2)]

ng, = Ng (A) = ikmay (k2 — A%) + mg, (B* ~ A%)

ne = ng® (\) = ng (=) (@ =73, 4)

2xi=x+$o:*:l$“'xo§

Functions ng (2= A) and n, (4=A) are polynomials and Az (A), Aj (4,

), and A, (A, z) are even integral functions of the variable X. Functions D, (A)
and Ay, (A) have no common roots.This restriction on the properties of boundary oper-

ators Ly (@ = 1, 2, 3, 4) is reasonable, since otherwise a resonance conversion
of the field into infinity would occur in spite of absorption in the medium.

Imd The disposition of roots of fun-
o ctions D12 ()\4) and A3§ ()\-) is
° diagrammatically shown in Fig, 1

by small circules and dots, respect-
ively, In the coordinate origin ne-
—_ ighborhood the distribution of roots
——— I is irregular, it is determined by the
> e % s _ss paticular specification of boundary
-0 T —— operators. The roots Dy, (A)
" asymptotically approach roots sh
° vb,as {A| —roo, androots
Ag, (A) asymptotically tend to rools
sin Aa.
ol The equality (2, 5) defines the

Fig.1
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expansion of function P, (, ¥) in a Fourier series in eigenfunctions of the Sturm ~—
Liouville problem for the variable y. Using the theorem on residues we pass to the
integral representation of P, (z, ¥)

1
Pz, ) = gr S Dy, y)AR, 2, 2,) A dA (2.6)
A

where A is the contour which divides the roots of functions Dy, (A) and Ay, (A)
and the roots of Dj, (A) lie on the left of the contour mn, and consists of two brancii-
es that are symmetric about the coordinate origin, In Fig, 1 the contour A is shown
by dash lines. Owing to the oddness of the integrand formula (2. 6) is unaffected by the
change of sign of the variable of integration, It is convenient because it maintains

the equilvalence of the space variables z and y. Thus using the theorem on residues
for the region comprised between the branches of contour A we revert to representat-
ion (2,5), and applying the same reasoning to the region outside the branches of cont-
our A we obtain an analogousexpansion in which appear the eigen functions of the
Sturm — Liouville problem for the variable z.

3, General solution of the homogeneous problem,
In this case the general solution @ of the homogeneous problem is of the form

Q= le + Qn+ st + Qu

where Qg (@ = 1,2; P = 3, 4) is the field radiating from the comer point (zg,
Yo) of the considered region, For simplicity we derive the analytic expression for

Q by analogy to the corresponding components of the field in problems considered in
1,215 :

Green's function of the Helmholtz equation for region 2 > 0 and y >0 was
obtained in [1] under boundary and boundary contact conditions similar to those consid-
ered here. We use coordinates {Z,, ¥,) of the point of application of the source as
the separate arguments of function P, ., The particular solution of the nonhomogen-
eous problem in [1] in the notation used here is of the form of the sum of source fields
and three of its representations

1 .
Py (2, y, %o, Yo) = -4—,;S {exp{t?v(xmxo)—vly-—yol} -

Ay
—l-;% exp [iA (z — Zo) — V(¥ + Yo)l — %": exp [iA (x 4 zo) —
V19— 901 + S exp (i (2 - 20) — 3 (3 + ol

where A; is a certain contour that separates roots I, which lie in the upper half-
plane from the remaining roots of functions I, and n,. Let us define the form of
Py (z, Yy, Zo, Yo) when the field source is transferred to the contact point. We have

(3.1)

Py (2?, Y, 0, 0) e _%,S Amy (?&3);::: (k2 — A2) 2AE-VY 43,
At
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Let us compare this formula with the corresponding solution of the homogeneous
problem in [1]

A AZ
1 S Iyl )ei?»x—w di

Q@ y)= - T

'

where gy_, (A*) is an even polynomial of 2N — 2 power with arbitrary coeffic-
ients, In(3.1)instead of ¢n-; (A*) we have an even polynomial of power higher
by two, and known coefficients, A similar correspondence exists between P  and
Qo (@ = 1, 2) in the problem solvei in [2] (the region considered in [2] was a semi-
infinite plane wave guide 0 << z << oo, 0 << y << b, with two contact points).

Let us revert to our problem. After passing to the limit (zy, ¥5) = (0,0) we
obtain

L ¢ Dy(h3) A, .
Po(z, 4, 0, 0) = — - | P G Ao (12) s (42 — 4% .
A

Hence the field (,, should be expected to be of the form

1 D ?\'9 A’?
Qua (o ) = o7 ) PRy R G Mvaea (02) (3.9
A

Since this formula was obtained on the basis of certain analogies, and not by a syste-
matic procedure, it needs verification, The validity of the following relationships:

(A 4+ E)Dy (A, p)Ay (Ao 2) = 0
L, %) Da(h, 0)Ag (e £) = D1z (W) Ag (A, 2)

d EI
Ly — 55) D2 D) A (h2) = 0
0 ]
Ls (_@“ ; "5;) Dy, 1) Ay (A, 0) = Da (A, ¥)Aas (M)
a E
Ly (—3&“'9 m-d_:c_) Dg(?x, y)A4(k, a):{)

can be proved by direct differentiation,
It is, thus, evident that the homogeneous Helmoltz equation and of the second

boundary conditions of (1, 2) and (1, 3) are satisfied, Let us consider the remaining
two boundary conditions, We have

PR L A,
Ly (-— ;7,7) Qus(x, 0) = 5 S —3—3(;@?“7‘441\&,—1 (A% an

Jz 4
7] d 1 Dy (A,
Lo (a7 55) Qu 00 0) = g § S5 s ()
A

For 0 < z < a the integrand in the first of these equalities exponentially de-~
creases as | Im A | — oo and has no singularities outside the branches of contour
A . Using the theorem on residues for the region outside the branches of contour

A we obtain that L,Q,3 (z,0) = 0. The equality Lj Q3 (0, y) = 0 follows
similarly from the theorem on residues applied to the region comprised between the
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branches of contour A.

The continuity of (Q,; in the coordinate origin neighborhood is implied by the
uniform convergence of the integral in (3. 2).

Expressions for Qy4, Qys, and Q,, can be derived from (3. 2) by cyclic replace-
ment of subscripts 1, 2 and 3, 4.

Thus the general solution of the homogeneous problem has been derived. Formula
(3. 2) contains the necessary number Nis of arbitrary constants, because of which,
using boundary contact conditions, a linear system is obtained for the determination
of these constants, which contains the same number of equations and unknowns, The
formal application of like boundary operators Rgps and Ry, to Qup (=1, 2
and § =3, 4) generally results in divergent integrals. To make the regularization
of these integrals possible the boundary contact operators mustsatisfy certain special
requirements. The respective conditions were stated in [1,2]. When these conditions
are satisfied, regularization can be carried out by the method described in [2].
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